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An appropriate procedure to construct symmetric conservative metrics is presented for the high-order 
conservative ﬂux-reconstruction scheme on three-dimensionally moving and deforming grids. The present 
framework enables direct discretization of the strong conservation form of governing equations with- 
out any errors in the freestream preservation and global conservation properties. We demonstrate that 
a straightforward implementation of the symmetric conservative metrics often fails to construct met- 
ric polynomials having the same order as a solution polynomial, which severely degrades the numeri- 
cal accuracy. On the other hand, the symmetric conservative metrics constructed using an appropriate 
procedure can preserve the freestream solution regardless of the order of shape functions. Moreover, a 
convecting vortex is more accurately computed on deforming grids. The global conservation property is 
also demonstrated numerically for the convecting vortex on deforming grids. 
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b  1. Introduction 
Recently, a number of methods with high-order spatial accu-
racy have been developed on unstructured grids, e.g., discontinu-
ous Galerkin (DG), spectral difference (SD), spectral volume (SV),
and ﬂux reconstruction (FR) schemes. [8,10] These unstructured
high-order schemes introduce multiple degrees of freedom (DoF)
for achieving high-order accuracy in each computational cell (or
element), and the ﬂux at the cell boundaries is computed us-
ing an approximate Riemann solver. Based on the unstructured
grids, these schemes are capable of high-order discretization of
ﬂow ﬁelds around more complicated geometries than conventional
ﬁnite-difference schemes on structured grids. In addition, a high-
order shape function can be applied with multiple inner grid
points so that the shape of each cells is represented as a high-
order curved element, i.e., a high-order mesh [1,28] . Although a re-
search on the high-order mesh generation is still developing [28] ,
it would show the signiﬁcant potential for the smooth and ﬁne
representation of curved boundary with considerably coarse node
points. Furthermore, several benchmark cases have been reported∗ Corresponding author. Tel.: +05033624113. 
E-mail addresses: abe@ﬂab.isas.jaxa.jp (Y. Abe), haga.takanori@jaxa.jp (T. Haga), 
nonomura@ﬂab.isas.jaxa.jp (T. Nonomura), fujii@ﬂab.isas.jaxa.jp (K. Fujii). 
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0045-7930/© 2016 The Authors. Published by Elsevier Ltd. This is an open access article un which these unstructured high-order schemes achieve almost
he same resolution as conventional high-order ﬁnite-difference
chemes with comparable total DoF on the structured grids [27] .
h is study focuses on the FR scheme [10] , which recovers stan-
ard high-order schemes such as nodal DG, SD, and SV by differ-
nt choices of correction functions for linear problems. Speciﬁcally,
h is study investigates the conservative FR scheme [8] , in which
he governing equations are expressed in the strong conservation
orm. The strong conservation form is important for correctly com-
uting the shock jump conditions and speed [8] and is considered
o be the basis for kinetic energy preserving schemes on the curvi-
inear elements [7,16,20] , which are formulated as a combination
f discretizations of conservative and nonconservative governing
quations. 
When computing ﬂows around complex geometries using con-
entional high-order ﬁnite-difference schemes, a body-ﬁtted (gen-
ralized) coordinate system is frequently adopted. In this construct,
he ﬁdelity of the represented boundary shape directly depends
n the number of grid points. In contrast, in the FR scheme, the
oundary shape of each cell is analytically deﬁned by a high-order
hape function, i.e., high-order curved mesh. Despite the strong
onservation form of the governing equation, the use of a three-
imensional body-ﬁtted coordinate system and high-order shape
unctions often fails to compatibly satisfy both the freestreamnder the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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f  reservation [13] and global conservation properties [2,3] . The
ailure in the freestream preservation property arises from vi-
lation of the Leibnitz rule and the commutative property of
ultiple differencing operations when a coordinate-transformation
atrix (i.e., metrics) is inappropriately discretized. The conditions
or freestream preservation are expressed by metric identities,
hich are collectively referred to as the geometric conservation
aw (GCL). The GCL identities comprise the surface closure law
SCL) and the volume conservation law (VCL) [23] . Although the
reestream preservation property on a moving and deforming grid
s ensured by satisfying both the SCL and VCL identities, only the
CL identity is considered herein. This is because we demonstrated
n appropriate procedure for constructing spatial metrics satisfying
he SCL identities on a stationary grid in a previous study [1] . 
In the FR/CPR framework, Liang et al. [14] demonstrated a
ethod for preserving the freestream by directly discretizing a
onconservative governing equation. Although the global conser-
ation property is satisﬁed if the discretization of the nonconser-
ative form is exactly equivalent to that of the strong conserva-
ion form using exact discretizations for time and spatial deriva-
ives, the conservation property was not numerically veriﬁed in
heir study [14] . In practice, typical discretizations of time and
patial derivatives using a polynomial approximation often intro-
uce truncation and aliasing errors, which leads to the numeri-
al violation of the commutative property of the strong conserva-
ion form and the nonconservative form. On the other hand, Gao
nd Wang introduced a chain-rule (CR) method with a correction
or the global conservation property on stationary grids [6] . Since
his method adopts nonconservative governing equations, the fail-
re in the freestream preservation property does not arise. More-
ver, a computational error in the global conservation property is
orrected for by adding a correction source term in each cell. The
ompatibility of the freestream preservation and global conserva-
ion properties might be able to be extended to moving and de-
orming grids. However, its implementation is not trivial, and ver-
ﬁcation is required. In addition, since the correction source term
s uniformly imposed in each cell as an averaged value, a numeri-
al solution would be different from that obtained by a direct dis-
retization of the strong conservation form. Such a difference will
e small if the ﬂow ﬁeld is smooth. However, the properties of
he correction procedure have not been adequately investigated for
omplex ﬂows that include discontinuities such as shock waves. 
In th is paper, we introduce a method for directly discretiz-
ng the strong conservation form without any errors in either the
reestream preservation or global conservation properties on mov-
ng and deforming grids in the FR framework. In order to achieve
he freestream preservation property, we apply a versatile tech-
ique developed in a high-order ﬁnite-difference framework [2–
,17,18,23,25,26] , in which the coordinate transformation metrics
re analytically re-expressed in conservative form (hereinafter re-
erred to as conservative metrics ). Although the use of the conser-
ative metric is similarly expected to ensure the freestream preser-
ation property in the FR scheme, its implementation is not as
traightforward as in the previous study for spatial metrics on
tationary grids, i.e., satisfying the SCL identities [1] . Notice that
he present framework would also be effective for satisfying the
CL identities directly in an arbitrary Lagrangian –Eulerian (ALE)
ethod [9] . The ALE method in a DG formulation has been de-
eloped by many researchers [15,19,24] , where the GCL identities
re frequently satiﬁed by another technique, e.g., solving an addi-
ional scalar equation to compensate for the discretized GCL errors
19] , which would be simply replaced by the use of the present
onservative-metric technique even for the high-order shape func-
ion. 
In the present paper, the following items are newly discussed
or the FR scheme: h1. For moving and deforming grids with the high-order shape
function, compatible conditions for satisfying both the
freestream preservation (i.e., the GCL identities) and global
conservation properties are presented ( Section 3 ). 
2. It is shown that using a conventional formulation of coordi-
nate transformation metrics, freestream cannot be preserved
regardless of the order of solution polynomials on moving
and deforming grids in the FR framework. Then, an appro-
priate construction method is proposed for the conservative
metrics, which satisﬁes the freestream preservation property
without neglecting the global conservation property on mov-
ing and deforming grids using an arbitrary-order shape function
( Section 4 ). 
3. The resolution and accuracy of a numerical solution are ver-
iﬁed for the proposed conservative metric formulations on a
moving and deforming grid. The computational accuracy of the
scheme with an appropriate conservative-metric formulation is
compared with that with a straightforward formulation of met-
rics ( Section 5 ). 
. Conservative ﬂux-reconstruction scheme 
.1. Coordinate systems 
Since moving and deforming grids are considered herein, the
ollowing assumptions are introduced for a coordinate transforma-
ion between the Cartesian and body-ﬁtted coordinate systems: 
= ξ (x, y, z, t) , η = η(x, y, z, t) , ζ = ζ (x, y, z, t) , (1) 
 = x (ξ , η, ζ , τ ) , y = y (ξ , η, ζ , τ ) , z = z(ξ , η, ζ , τ ) , (2) 
 = τ, (3) 
here t and τ are the physical and computational time, respec-
ively. The computational domain is spatially subdivided into hex-
hedral cells at each time step. Each cell in the Cartesian coordi-
ate system { x , y , z , t } of physical space is mapped onto a standard
ube cell E s := { ξ , η, ζ , τ | − 1 ≤ ξ , η, ζ ≤ 1 , τl min ≤ τ ≤ τl max } in the
ody-ﬁtted coordinate system { ξ , η, ζ , τ } of computational space.
ere, τl min and τl max indicate lower and upper bounds of the time
teps, respectively, which are used for time integration to update a
olution at τ = τl . 
The shape of the n th cell, i.e., r n (ξ , η, ζ , τ ) := x e x + y e y + ze z , is
pproximated by a tensor product of N th- and T th-order polyno-
ials in the spatial and temporal directions, respectively. There-
ore, grid points in the n th cell are deﬁned for (N + 1) 3 in the
patial direction and (T + 1) in the temporal direction. Hereinafter,
he grid point is referred to as GP , which is used to indicate both
he node and inner grid points. Fig. 1 shows GPs as blue points
hen N = 1 and T = 1 are assumed. When N ≥ 2, a GP should be
eﬁned not only at the cell vertex but also at the cell boundary
nd interior of the cell. In th is study, we assume that all GPs are
rovided by the computational grid ﬁle and the augmented high-
rder GP is deﬁned analytically (see Eqs. (63) –(65) in Section 5 ).
n the other hand, the degree of the temporal polynomial is equiv-
lent to the order of a time integration method for the solution.
he reason for this is that the FR scheme generally adopts a con-
entional time-integration method, e.g., the two-stage Runge –Kutta
RK) method. In this case, the solution points (hereinafter referred
o as SP : green points in Fig. 1 ) and GPs are collocated in the time
irection. Note that SP and GP can be independently deﬁned such
hat polynomials of different degree are adopted for time evolution
f the grid and solution, e.g., space-time formulation [11] , which,
or the purpose of a concise implementation, will not be discussed
erein. 
4 Y. Abe et al. / Computers and Fluids 139 (2016) 2–16 
Fig. 1. Deﬁnition of the grid, solution, and ﬂux points in each cell. The spatially 
2D case is shown. The order of a shape function is N = 1 in space and T = 1 in 
time, and the order of a solution polynomial is K = 2 in space and T = 1 in time. 
(For interpretation of the references to colour in this ﬁgure legend, the reader is 
referred to the web version of this article.) 
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 2.2. Notation for polynomial interpolantion 
Here, we introduce the notation used in approximating a func-
tion ψ( ξ , η, ζ , τ ) by a polynomial interpolation: 
ψ GP;m,n (ξ , η, ζ , τ ) := I GP;m,n [ ψ(ξ, η, ζ , τ )] , (4)
ψ SP;m,n (ξ , η, ζ , τ ) := I SP;m,n [ ψ(ξ, η, ζ , τ )] . (5)
Eqs. (4) and (5) indicate that m th-order spatial polynomials and
n th-order temporal polynomials, i.e., ψ GP ; m , n and ψ SP ; m , n , are
constructed from (m + 1) 3 × (n + 1) discrete point values ψ de-
ﬁned at GP and SP, respectively. Fig. 2 shows an example of in-
terpolation polynomials deﬁned by Eqs. (4) and (5) . The original
function is assumed to be ψ(ξ, ηc , ζc , τc ) = sin (5 πξ ) and shown
by a black broken line, where η, ζ , and τ are ﬁxed to be con-
stant values. Here, it should be emphasized that the locations
of GPs and SPs can be independently chosen so as was men-
tioned in Section 2.1 . The equally-spaced points are adopted as
GPs in ξ direction, where the function ψ is approximated by a
sixth-order polynomial ( m = 6 ) using GP values as ψ GP;6 ,n (ξ ) =
I GP;6 ,n [ ψ(ξ )] (blue dash-dotted line in Fig. 2 ). On the other hand,
SPs are located at the Gauss points, and the function ψ is approx-
imated by a seventh-order polynomial ( m = 7 ) using SP values as
ψ SP;7 ,n (ξ ) = I SP;7 ,n [ ψ(ξ )] (red solid line in Fig. 2 ). The red squares
and blue circles indicate SPs and GPs, respectively. The temporal
approximation can be similarly conducted although the present
example in Fig. 2 only shows the spatial approximation in ξ
direction. 
2.3. Discretization of the governing equations 
The shape of the n th cell is expressed by N th-order spatial poly-
nomials and T th-order temporal polynomials, as follows: 
r n (ξ , η, ζ , τ ) = I GP;N,T [ r n ](ξ , η, ζ , τ ) 
= 
N ∑ 
i, j,k =0 
T ∑ 
l=0 
M N n ;i (ξ ) M 
N 
n ; j (η) M 
N 
n ;k (ζ ) M 
T 
n ;l (τ ) r n ;i, j,k,l , (6)
where M N 
n ;i (ξ ) , M 
N 
n ; j (η) , M 
N 
n ;k (ζ ) , and M 
T 
n ;l (τ ) are the shape func-
tions for GP at ( ξ i , ηj , ζ k , τ l ). The ξ derivative of the polynomial
r n is computed as 
∂ ξ I 
GP;N,T [ r n ](ξ , η, ζ , τ ) 
= 
N ∑ 
i, j,k =0 
T ∑ 
l=0 
dM N n ;i (ξ ) M 
N 
n ; j (η) M 
N 
n ;k (ζ ) M 
T 
n ;l (τ ) r n ;i, j,k,l , (7)here dM N 
n ;i (ξ ) := dM N n ;i (ξ ) /dξ . The τ derivative of the polynomial
 n is expressed as 
 τ I 
GP;N,T [ r n ](ξ , η, ζ , τ ) 
= 
N ∑ 
i, j,k =0 
T ∑ 
l=0 
M N n ;i (ξ ) M 
N 
n ; j (η) M 
N 
n ;k (ζ ) dM 
T 
n ;l (τ ) r n ;i, j,k,l , (8)
here dM T 
n ;l (τ ) := dM T n ;l (τ ) /dτ . Eq. (8) will frequently be used in
ection 4 for a polynomial approximation of the τ derivative of
 n . However, for practical implementation of a computational code,
he following ﬁnite-difference operation is conducted in order to
btain a derivative of the polynomial at τ = τl : 
 τ I 
GP;N,T [ r n ](ξ , η, ζ , τl ) = 
l max ∑ 
m = l min 
˜ am I 
GP;N,T [ r n ](ξ , η, ζ , τm ) , (9)
here l min and l max indicate the lower and upper bounds of the
ime steps used for the time integration, and ˜ am is a coeﬃcient
or the ﬁnite-difference operator [2] . The shape function M T 
n,i 
(τ )
an be deﬁned such that the discrete value of Eq. (8) at τ = τl is
quivalent to that of Eq. (9) . 
The compressible Euler equations in the generalized coordinate
ystem are given by 
 τ ˆ Q + ∂ ξ ˆ E + ∂ η ˆ F + ∂ ζ ˆ G = 0 , 
ˆ Q = J 
⎡ 
⎢ ⎢ ⎣ 
ρ
ρu 
ρv 
ρw 
e 
⎤ 
⎥ ⎥ ⎦ , ˆ E = J 
⎡ 
⎢ ⎢ ⎣ 
ρU 
ρuU + ξx p 
ρv U + ξy p 
ρwU + ξz p 
(e + p) U − ξt p 
⎤ 
⎥ ⎥ ⎦ , 
ˆ F = J 
⎡ 
⎢ ⎢ ⎣ 
ρV 
ρuV + ηx p 
ρv V + ηy p 
ρwV + ηz p 
(e + p) V − ηt p 
⎤ 
⎥ ⎥ ⎦ , ˆ G = J 
⎡ 
⎢ ⎢ ⎣ 
ρW 
ρuW + ζx p 
ρv W + ζy p 
ρwW + ζz p 
(e + p) W − ζt p 
⎤ 
⎥ ⎥ ⎦ , 
U = ξt + ξx u + ξy v + ξz w, V = ηt + ηx u + ηy v + ηz w, 
W = ζt + ζx u + ζy v + ζz w, (10)
here the Jacobian for the coordinate transformation is J := | ∂( x , y ,
 )/ ∂( ξ , η, ζ )|, and the other metrics (e.g., ˆ ξx := ξx J and ˆ ξt := ξt J) are
imilarly deﬁned. The ﬂuxes in the body-ﬁtted coordinate system
re expressed in terms of the ﬂuxes in the Cartesian coordinate
ystem, i.e., Q , E , F , and G : 
ˆ 
 = QJ, (11)
ˆ 
 = Q ˆ ξt + E ˆ  ξx + F ˆ ξy + G ˆ  ξz , (12)
ˆ 
 = Q ˆ  ηt + E ˆ  ηx + F ˆ ηy + G ˆ  ηz , (13)
ˆ 
 = Q ˆ  ζt + E ˆ  ζx + F ˆ ζy + G ˆ  ζz . (14)
In order to solve Eq. (10) , the solution is approximated by ten-
or products using K th-order polynomials in the spatial directions.
n th is study, the Gauss points are adopted as SP in space. The
patial distribution of conservative quantities in the n th cell, Q n ,
s approximated by the tensor product for the K th-order Lagrange
olynomial interpolation using (K + 1) 3 discrete values of Q n at SP.
he present approximation of Q n is denoted as Q 
SP;K 
n := I SP;K [ Q n ] .
peciﬁcally, we have 
 
SP;K,T 
n := I SP;K,T [ Q n ] = 
K ∑ 
p,q,r=0 
T ∑ 
l=0 
φK p (ξ ) φ
K 
q (η) φ
K 
r (ζ ) φ
T 
l (τ ) Q n ;p,q,r,l ,
(15)
Y. Abe et al. / Computers and Fluids 139 (2016) 2–16 5 
Fig. 2. Example of the polynomial approximations ( Eqs. (4) and (5) ) in ξ direction is shown. The black broken line indicates an original function ( ψ(ξ, ηc , ζc , τc ) = sin (5 πξ ) ); 
the blue dash-dotted line shows the polynomial approximation based on GPs ( ψ GP;6 ,n (ξ ) = I GP;6 ,n [ ψ(ξ )] ), where the equally-spaced points are adopted as GPs; the red solid 
line shows the polynomial approximation based on SPs ( ψ SP;7 ,n (ξ ) = I SP;7 ,n [ ψ(ξ )] ), where the Gauss points are adopted as SPs. (For interpretation of the references to colour 
in this ﬁgure legend, the reader is referred to the web version of this article.) 
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t  here φK p is the K th–order Lagrange polynomial: 
K 
p (ξ ) = 
K ∏ 
s =0 ,s = p 
ξ − ξs 
ξp − ξs . (16) 
Next, we explain the computational procedure for ﬂux diver-
ence at each SP at τ = τl . Without loss of generality, we consider
nly the differential in the ξ direction of ˆ E in the n th cell, keep-
ng the other coordinates ﬁxed ( η = ηq , ζ = ζr , τ = τl ). Using the
iscrete values of Q SP;K n at SP, the n th-cell inner distributions ˆ E SP n 
nd ∂ ξ ˆ E 
SP 
n are expressed by a K th-order polynomial interpolation
s follows: 
ˆ 
 
SP;K 
n (ξ ) := I SP;K [ ˆ  E SP n ](ξ ) = 
K ∑ 
p=0 
φK p (ξ ) ˆ  E 
SP 
n ;p,q,r,l , (17) 
 ξ
ˆ E SP;K n (ξ ) := ∂ ξ I SP;K [ ˆ  E SP n ](ξ ) = 
K ∑ 
p=0 
dφK p (ξ ) ˆ  E 
SP 
n ;p,q,r,l , (18) 
here the differential of φK p is written as d φ
K 
p := d φK p /d ξ . Since
his ﬂux is constructed without information from the adjacent
ells, ˆ E SP;K n is discontinuously distributed. Therefore, a recon-
tructed ﬂux ˆ E C n is deﬁned to be continuous at the cell boundaries.
irst, ﬂux points ( FPs ) (red points in Fig. 1 ) are placed at the in-
ersection of the cell boundaries and lines passing–SP in each di-
ection. Next, the solutions of Q L and Q R at the FPs on both sides
f the boundaries are extrapolated using Eq. (15) , and the common
ux ˆ E com is computed using an approximate Riemann solver. Roe’s
cheme [21] is adopted throughout the present paper. Finally, the
riginal K th-order ﬂux ˆ E SP;K n is modiﬁed such that ˆ E C n is equal to
ˆ 
 
com at FP, i.e., ξ = ±1 : 
ˆ 
 
C 
n (ξ ) = ˆ E SP n (ξ ) + 
[
ˆ E com n −1 / 2 − ˆ E SP n (−1) 
]
g L (ξ ) 
+ 
[
ˆ E com n +1 / 2 − ˆ E SP n (+1) 
]
g R (ξ ) . (19) 
he subscripts n ± 1/2 indicate the right and left boundaries, re-
pectively, of the n th cell. Here, g L ( ξ ) is a (K + 1) th-order polyno-
ial in which the left and right boundaries ( ξ = −1 and ξ = +1 ,
espectively) are valued at 1 and 0, respectively. Moreover, g L ( ξ ) is
eferred to as a correction function [10] , and g R is the symmetric
unction of g with respect to the origin ( g (ξ ) = −g (−ξ ) ). In theL R L resent paper, the correction function is given by 
 Ga ,K = 
K 
2 K − 1 R R,K + 
K − 1 
2 K − 1 R R,K−1 , 
R R,K = g DG ,K = 
(−1) K 
2 
(P K − P K−1 ) , (20) 
here g L is deﬁned as g L = g Ga ,K+1 , and P K is the K th-order Legen-
re polynomial. Note that g DG can also be adopted for the correc-
ion function, which will not be used herein. 
The ﬂux ˆ E SP n and common ﬂux ˆ E 
com 
n ±1 / 2 in Eq. (19) are expanded
s 
ˆ 
 
SP 
n (ξ ) = Q SP n (ξ ) ˆ  ξ SP t (ξ ) + E SP n (ξ ) ˆ  ξ SP x (ξ ) + F SP n (ξ ) ˆ  ξ SP y (ξ ) 
+ G SP n (ξ ) ˆ  ξ SP z (ξ ) , (21) 
ˆ 
 
com 
n ±1 / 2 = Q com n ±1 / 2 ˆ ξ F P t (±1) + E com n ±1 / 2 ˆ ξ F P x (±1) + F com n ±1 / 2 ˆ ξ F P y (±1) 
+ G com n ±1 / 2 ˆ ξ F P z (±1) , (22) 
here ˆ ξ SP t and 
ˆ ξ F P t indicate the metrics used at SP and FP in the
 th cell, respectively. Although, practically speaking, these metric
alues are usually computed as discrete point values at SP and FP,
n the present paper, for ease of understanding, the polynomials
or these metrics are deﬁned. Hereinafter, ˆ ξ SP t (ξ ) and 
ˆ ξ F P t (ξ ) are
eferred to as the SP and FP metrics , respectively. 
. Conditions for the global conservation and freestream 
reservation property in the FR scheme on moving and 
eforming grids 
In this section, we organize and collate suﬃcient conditions for
he global conservation and freestream preservation property in
he FR scheme on moving and deforming grids. 
.1. Suﬃcient condition for the global conservation property 
The global conservation property speciﬁes that the volume in-
egral of conservative quantities over the computational domain is
orresponding to the surface integral of those over the surface of
he computational domain. Even if the strong conservation form is
6 Y. Abe et al. / Computers and Fluids 139 (2016) 2–16 
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J  adopted for the governing equation, the global conservation prop-
erty is violated if its discretization is inappropriate. The suﬃcient
condition for this global conservation property has been shown in
Section 3.1 in Ref. [1] , which is summarized as the following GCP
condition: 
GCP condition 
The metrics on each cell boundary (at FP) must be uniquely 
determined in two adjacent cells. 

The metrics will be constructed to satisfy this condition us-
ing the key idea for satisfying the global conservation shown in
Section 4.2 and Appendix B in Ref. [1] . In this key idea, some of
GPs should be placed on the cell boundaries and the metrics at
FPs are constructed only from the GP values common in adjacent
cells. 
3.2. Suﬃcient condition for the freestream preservation property 
In the following, we discuss the interior of the n th cell at τ = τl 
(partially abbreviating the subscripted n and l values). Let us as-
sume that Q fs , E fs , F fs , and G fs indicate the freestream (i.e., tem-
porally and spatially uniform) values on the Cartesian coordinate
system, where the superscript of fs stands for the “freestream”.
The conservative quantity ˆ Q SP and the reconstructed ﬂux ˆ E C of the
freestream are given by 
ˆ Q SP = Q f s J SP , (23)
ˆ E C = Q f s ˆ ξC t + E f s ˆ ξC x + F f s ˆ ξC y + G f s ˆ ξC z , (24)
ˆ F C = Q f s ˆ ηC t + E f s ˆ ηC x + F f s ˆ ηC y + G f s ˆ ηC z , (25)
ˆ G C = Q f s ˆ ζC t + E f s ˆ ζC x + F f s ˆ ζC y + G f s ˆ ζC z . (26)
The metrics ˆ ξC t , 
ˆ ξC x , · · · , ˆ ζC z are herein referred to as reconstructed
metrics . The details of the reconstructed metrics will be described
in Eq. (31) and have been presented in a previous study [1] . Substi-
tuting Eqs. (24) –(26) into Eq. (10) , the following metric identities
are obtained: 
∂ τ J 
SP + ∂ ξ ˆ ξC t + ∂ η ˆ ηC t + ∂ ζ ˆ ζC t = 0 , (27)
∂ ξ ˆ ξ
C 
x + ∂ η ˆ ηC x + ∂ ζ ˆ ζC x = 0 , (28)
∂ ξ ˆ ξ
C 
y + ∂ η ˆ ηC y + ∂ ζ ˆ ζC y = 0 , (29)
∂ ξ ˆ ξ
C 
z + ∂ η ˆ ηC z + ∂ ζ ˆ ζC z = 0 . (30)
Eqs. (27) –(30) are the GCL identities, where Eq. (27) is the VCL
identity, and Eqs. (28) –(30) are the SCL identities. Therefore, the
necessary and suﬃcient condition for the freestream preservation
property on moving and deforming grids is to satisfy Eqs. (27) –
(30) . 
The SCL identities given by Eqs. (28) –(30) have been adequately
discussed in a previous study [1] , which is brieﬂy summarized
as follows. First, the analytical expression of the spatial metrics
is replaced by the symmetric conservative form [3] , which has
been proposed in the ﬁnite-difference framework, e.g., ˆ ξx = { (y ηz −
z ηy ) ζ − (y ζ z − z ζ y ) η} / 2 . The spatial metrics expressed in this form
satisfy the SCL identities only based on the commutative prop-
erty of multiple differentiation without the Leibnitz rule. In the FR
framework, the polynomial of the metrics should be constructed
such that the order of the metric exactly matches the order of the
solution, i.e., a consistent symmetric-conservative metric (CSC) [1] .
In this construct, extra inner grid points are required, which corre-
sponds to the order of the solution polynomial. The CSC construc-
tion enables both the freestream preservation and global conserva-
tion properties for arbitrary orders of the solution polynomial and
shape function. In the present paper, we focus on the VCL identity given by Eq.
27) . Based on Eq. (24) , ˆ ξC t is deﬁned as 
ˆ C 
t (ξ ) = ˆ ξ SP t (ξ ) + 
[ 
ˆ ξ F P t (−1) − ˆ ξ SP t (−1) 
] 
g L (ξ ) 
+ 
[ 
ˆ ξ F P t (+1) − ˆ ξ SP t (+1) 
] 
g R (ξ ) , (31)
here τ , η, and ζ are assumed to be constant, as in Eq. (24) . Note
hat the reconstructed metrics are not explicitly computed, but the
P and FP metrics are used in practice. The ± 1 argument indicates
he FPs at the left and right sides of each cell. Rewriting the VCL
dentity of Eq. (27) as Eq. (31) , we obtain 
q. (27) ⇐⇒ 
∂ τ J 
SP + ∂ ξ ˆ ξ SP t + ∂ η ˆ ηSP t + ∂ ζ ˆ ζ SP t ︸ ︷︷ ︸ 
SP part 
+ 
[ 
ˆ ξ F P t (−1) − ˆ ξ SP t (−1) 
] 
d g L (ξ ) /d ξ + 
[ 
ˆ ξ F P t (+1) − ˆ ξ SP t (+1) 
] 
d g R (ξ ) /d ξ + . . . ︸ ︷︷ ︸ 
correction part 
= 0 . 
(32)
Therefore, the suﬃcient condition for the VCL identity of Eq.
27) is that both the SP and correction parts in Eq. (32) individually
anish. Speciﬁcally, the correction part is cancelled out for the ar-
itrary correction function if the SP and FP metrics are equivalent
t FP ( ξ = ±1 ). 
In summary, the suﬃcient conditions for freestream preserva-
ion on moving and deforming grids are summarized as follows: 
FSP1 condition 
Spatial metrics must satisfy the SCL identities given by Eqs. 
(28)–(30). 

FSP2 condition 
The Jacobian and the time metrics must satisfy the VCL 
identity given by Eq. (27), which is replaced by the fol- 
lowing two conditions: 
(SP part) = 0 ⇐⇒ ∂ τ J SP + ∂ ξ ˆ ξ SP t + ∂ η ˆ ηSP t + ∂ ζ ˆ ζ SP t = 0 , (33) 
(correction part) = 0 ⇐⇒ 
ˆ ξ F P t (±1) = ˆ ξ SP t (±1) , ˆ  ηF P t (±1) = ˆ ηSP t (±1) , ˆ ζ F P t (±1) = ˆ ζ SP t (±1) . 
(34) 

he details of spatial metrics in the FSP1 condition have been dis-
ussed in Section 3.3 in Ref. [1] . In the next section, we will de-
cribe the construction of the time metrics and Jacobian that sat-
sfy the FSP2 condition without neglecting the GCP condition given
n Section 3.1 . 
Note that even if both the SP and correction parts are nonzero,
he reconstructed metric ˆ ξC x might satisfy the VCL identity pro-
ided that both parts cancel. The previous article (see Sec tion 7 in
ef. [1] ) demonstrated such a special condition for the SCL iden-
ities using the Radau polynomial for the correction function with
he Gauss points. Although this condition is not discussed for the
CL identity in the present paper, the similar cancellation would
e expected using the Radau polynomial for the correction func-
ion with the Gauss points. 
. Construction of the time metrics and Jacobian 
In this section, the construction method of the time metrics and
acobian is described for the n th cell at τ = τs = τ . Note that thel 
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ξ
ηndices i , j , k , and l relate to GP, and p , q , r , and s relate to SP. More-
ver, p , q , and r are the Gauss points in space, and l and s indicate
he same point because SP and GP correspond to each other in the
emporal direction. 
.1. Nonconservative metric (NC) 
The time metrics and Jacobian are frequently deﬁned in a non-
onservative form (NC) as follows: 
J = (r ξ × r η) · r ζ , ˆ ξt = −(r η × r ζ ) · r τ , ˆ ηt = −(r ζ × r ξ ) · r τ , 
ˆ 
t = − (r ξ × r η) · r τ . (35)
n this section, the Jacobian J and time metric ˆ ζt are constructed.
irst, base polynomials for the metrics are constructed using the
iscrete coordinate values of GP: 
J BS;3 N−1 , 3 T ︸ ︷︷ ︸ 
(3 N −1 , 3 N −1 , 3 N −1 , 3 T ) th 
= ( ∂ ξ I GP;N,T [ r] ︸ ︷︷ ︸ 
(N−1 , N, N, T ) th 
× ∂ ηI GP;N,T [ r] ︸ ︷︷ ︸ 
(N, N−1 , N, T ) th 
) · ∂ ζ I GP;N,T [ r] ︸ ︷︷ ︸ 
(N, N, N−1 , T ) th 
, 
(36) 
ˆ ζ BS;3 N, 3 T −1 t ︸ ︷︷ ︸ 
(3 N −1 , 3 N −1 , 3 N, 3 T −1) th 
= −( ∂ ξ I GP;N,T [ r] ︸ ︷︷ ︸ 
(N−1 , N, N, T ) th 
× ∂ ηI GP;N,T [ r] ︸ ︷︷ ︸ 
(N, N−1 , N, T ) th 
) · ∂ τ I GP;N,T [ r] ︸ ︷︷ ︸ 
(N, N, N, T −1) th 
,
(37) 
here superscript BS indicates that these are the “base” polynomi-
ls for the metrics. The superscripts including N and T (e.g., 3 N − 1
nd 3 T in J BS;3 N−1 ;3 T ) denote the maximum degree of polynomials
n the spatial and temporal directions, respectively. On the other
and, the subscripts under each terms show the order of the poly-
omial in each direction. For example, (3 N − 1 , 3 N − 1 , 3 N, 3 T −
) th under ˆ ζ BS;3 N;3 T −1 t in the left-hand-side of Eq. (37) indicates
he (3 N − 1 , 3 N − 1 , 3 N, 3 T − 1) th-order polynomial in ( ξ , η, ζ , τ )
irection, which is constructed based on the tensor products (see
qs. (6 )–( 8) ) as follows. Due to the differentiation in the ξ direc-
ion, ∂ ξ I 
GP ; N , T [ r ] (the ﬁrst term of the right-hand-side of Eq. (37) )
ncludes the (N − 1) th-order polynomial in the ξ direction while
he polynomials in the other spatial directions are the order of N .
oth of the second and third terms ( ∂ ηI GP ; N , T [ r ] and ∂ τ I GP ; N , T [ r ])
ontain N th-order polynomials in the ξ direction so that the re-
ultant triple product show (3 N − 1) th-order polynomial in the ξ
irection. The polynomials in the other directions in ˆ ζ BS;3 N;3 T −1 t are
imilarly obtained as 3 N − 1 in the η direction, 3 N in the ζ direc-
ion, and 3 T − 1 in the τ direction. Based on these constructions,
he discrete values of the base polynomials are computed at SP and
P. 
These base polynomials match the Jacobian and metrics of the
xact grid shape (which is analytically deﬁned by the spatially N th-
rder and temporally T th-order shape function) and are uniquely
etermined. Therefore, if the derivatives appearing in the VCL iden-
ity are approximated by the suﬃciently high-order polynomials
spatially 3 N th and temporally 3 T th order), these base polynomials
or the metrics satisfy the VCL identity because the Leibnitz rule
nd the commutative property of multiple differentiation 1 are sat-
sﬁed numerically [1] . However, this is not true in the present FR
ramework. First, discrete point values of ˆ Q and ﬂuxes are com-
uted at SP and FP using J BS;3 N−1 , 3 T and ˆ ζ BS;3 N, 3 T −1 t . Based on
hese values, interpolating polynomials of ﬂuxes of degrees K and1 The Leibnitz rule and the commutative property of multiple differentiation are 
xplained by the following identities: 
eibnitz rule : (αβ) ξ = αξβ + αβξ , (38) 
ommutative property: αξη = αηξ , (39) 
here α and β are arbitrary functions of ξ and η. 
ζ
i are constructed, and the ﬂux divergence is computed as in Eq.
19) . Therefore, the differentiations appearing in the SP part of Eq.
32) are computed by the spatially K th-order polynomial (where K
ay be lower than 3 N ) and the temporally T th-order polynomial
where T is always lower than 3 T ). In this way, the Jacobian and
he metrics (e.g., J SP and ˆ ζ SP x : the SP metrics) in Eq. (32) should
e deﬁned by lower-order polynomial approximations of J BS;3 N−1 , 3 T 
nd ˆ ζ BS;3 N, 3 T −1 t using the solution polynomials, as follows: 
 
SP;K,T = I SP;K,T [ J BS;3 N−1 , 3 T ] 
= 
K ∑ 
p,q,r=0 
T ∑ 
s =0 
φK p (ξ ) φ
K 
q (η) φ
K 
r (ζ ) φ
T 
s (τ ) J 
BS;3 N−1 , 3 T 
p,q,r,s , (40) 
ˆ SP;K,T 
t = I SP;K,T [ ˆ  ζ BS;3 N, 3 T −1 t ] 
= 
K ∑ 
p,q,r=0 
T ∑ 
s =0 
φK p (ξ ) φ
K 
q (η) φ
K 
r (ζ ) φ
T 
s (τ ) ˆ  ζ
BS;3 N, 3 T −1 
t;p,q,r,s . (41) 
n the present framework, the order of the shape function and
he solution order are independently deﬁned in space (i.e., N  = K
s acceptable). Therefore, without any truncation and aliasing er-
ors due to the low-order polynomial approximation, spatially ex-
ct polynomials can be obtained if K ≥ 3 N − 1 is adopted in Eq.
40) (or K ≥ 3 N in Eq. (41) ). In the temporal direction, however,
he order of the shape function and the solution order are the
ame, which are denoted as T . The reason for this is that the time
erivative of the coordinate value is evaluated using the discrete
alues at GPs which exactly match SPs in the temporal direction,
.e., both GPs and SPs are located on the same time slab, under
he straightforward implementation (as was mentioned in the last
aragraph of Section 2.1 ). Accordingly, the low-order polynomial
pproximation in the τ direction is conducted as 3 T → T in Eq.
40) (or 3 T − 1 → T in Eq. (41) ). 
For these reasons, in J SP ; K , T and ˆ ζ SP;K,T t , the NC construction al-
ays introduces truncation and aliasing errors in the time direc-
ion, and the SP part of Eq. (32) is not cancelled because both the
eibnitz rule and the commutative property are violated. 2 This is
he cause of the violation of the FSP2 condition given as the suﬃ-
ient condition for the freestream preservation in Section 3.2 . 
.2. Symmetric conservative metrics 
The symmetric conservative forms of the time metrics and Ja-
obian [2] are introduced as follows: 
J = [ { (r ξ × r) η · r − (r η × r) ξ · r} ζ
+ { (r η × r) ζ · r − (r ζ × r) η · r} ξ
+ { (r ζ × r) ξ · r − (r ξ × r) ζ · r} η] / 6 , (42) 
ˆ 
t = [ −{ (r η × r) ζ · r − (r ζ × r) η · r} τ
−{ (r τ × r) η · r − (r η × r) τ · r} ζ
+ { (r τ × r) ζ · r − (r ζ × r) τ · r} η] / 6 , (43) 
ˆ t = [ −{ (r ζ × r) ξ · r − (r ξ × r) ζ · r} τ
−{ (r τ × r) ζ · r − (r ζ × r) τ · r} ξ
+ { (r τ × r) ξ · r − (r ξ × r) τ · r} ζ ] / 6 , (44) 
ˆ 
t = [ −{ (r ξ × r) η · r − (r η × r) ξ · r} τ
−{ (r τ × r) ξ · r − (r ξ × r) τ · r} η
+ { (r τ × r) η · r − (r η × r) τ · r} ξ ] / 6 , (45) 2 When the grid is rigidly moving, the freestream is preserved if the spatial order 
s suﬃciently high ( K ≥ 3 N ) because the Jacobian is constant in time. 
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p  
a  
p
p  
d  
f  
s⇒ J = [ { ∂ ηT 1 · r − ∂ ξT 2 · r} ζ + { ∂ ζ T 2 · r − ∂ ηT 3 · r} ξ
+ { ∂ ξT 3 · r − ∂ ζ T 1 · r} η] / 6 , (46)
ˆ ξt = [ −{ ∂ ζ T 2 · r − ∂ ηT 3 · r} τ − { ∂ ηT 4 · r − ∂ τT 2 · r} ζ
+ { ∂ ζ T 4 · r − ∂ τT 3 · r} η] / 6 , (47)
ˆ ηt = [ −{ ∂ ξT 3 · r − ∂ ζ T 1 · r} τ − { ∂ ζ T 4 · r − ∂ τT 3 · r} ξ
+ { ∂ ξT 4 · r − ∂ τT 1 · r} ζ ] / 6 , (48)
ˆ ζt = [ −{ ∂ ηT 1 · r − ∂ ξT 2 · r} τ − { ∂ ξT 4 · r − ∂ τT 1 · r} η
+ { ∂ ηT 4 · r − ∂ τT 2 · r} ξ ] / 6 , (49)
⇒ J = [ ∂ ζG A + ∂ ηG B + ∂ ξG C ] / 6 , (50)
ˆ ξt = [ −∂ τG B − ∂ ζG D + ∂ ηG E ] / 6 , (51)
ˆ ηt = [ −∂ τG C − ∂ ξG E + ∂ ζG F ] / 6 , (52)
ˆ ζt = [ −∂ τG A − ∂ ηG F + ∂ ξG D ] / 6 , (53)
where T i (i = 1 , 2 , 3 , 4) and G α(α = A, B, . . . , F ) are introduced as
polynomials of derivative terms. 
Let us consider the SP part of the VCL identity given by Eq. (32) :
∂ τ J + ∂ ξ ˆ ξt + ∂ ξ ˆ ηt + ∂ ξ ˆ ζt = 0 , where the superscript SP is omitted
for brevity in this paragraph. Substituting the symmetric conserva-
tive forms of Eqs. (42) –(45) , the SP part is cancelled by the com-
mutative property of multiple differentiation as long as each poly-
nomial G α(α = A, B, . . . , F ) is uniquely determined in J, ˆ ξt , ˆ ηt , and
ˆ ζt . For example, the ﬁrst term of J in Eq. (50) and the ﬁrst term of
ˆ ζt in Eq. (53) are cancelled out based on the commutative property
of the τ - and ζ -derivatives if G A is unique, i.e., ∂ τ J + · · · + ∂ ζ ˆ ζx =
∂ τ [ ∂ ζ G A + · · · ] + · · · − ∂ ζ [ ∂ τG A − · · · ] = 0 + remained terms . The re-
mained terms vanish by cancelling out the other polynomials G α
similarly to G A . The commutative property is satisﬁed if the or-
ders of the solution polynomials ( K and T ) are equal to or greater
than those of the metric polynomials approximating Eqs. (42) –(45)
(see Appendix C in Ref. [1] ). This is because the spatial and tem-
poral derivatives appearing in the VCL identity, e.g., ζ -derivative
of ˆ ζt and τ -derivative of J , are obtained using the solution
polynomials. 
Therefore, the key concepts for constructing the symmetric con-
servative metrics in the FR framework are summarized as follows: 
(i) The polynomials G α(α = A, B, . . . , F ) are uniquely deﬁned in
the symmetric conservative metrics. 
(ii) The orders of solution polynomials ( K and T ) are equal to
or higher than those of the polynomials approximating the
symmetric conservative metrics. 
Based on (i) and (ii), we develop a standard symmetric conser-
vative (SSC) metric in Section 4.2.1 . On the other hand, the follow-
ing severe condition can replace item (ii): 
ii) The orders of solution polynomials ( K and T ) are equal to those
of the polynomials approximating the symmetric conservative
metrics. 
Based on (i) and (iii), a consistent symmetric conservative (CSC)
metric is introduced in Section 4.2.2 . Both the SSC and CSC for-
mulations can satisfy the FSP2 condition given in Section 3.2 so
that the freestream preservation property is satisﬁed. However,
the SSC formulation would provide inappropriate metric poly-
nomials in terms of the spatial order of accuracy, although it
is a straightforward implementation of the symmetric conserva-
tive metrics. The CSC formulation will be recommended later
herein. .2.1. SSC 
In this subsection, the straightforward implementation of the
ymmetric conservative forms for Jacobian J and time metric ˆ ζt are
emonstrated (SSC). First, the base polynomials for Jacobian J BS and
ime metric ˆ ζ BS t are constructed based on Eqs. (50) and (53) : 
 
BS;N,T = 
[
∂ ζ I 
GP;N,T [ G GP;2 N, 2 T 
A 
] + ∂ ηI GP;N,T [ G GP;2 N, 2 T B ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T C ] 
]/
6 , (54)
ˆ BS;N,T 
t = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T A ] − ∂ ηI GP;N,T [ G GP;2 N, 2 T F ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T D ] 
]/
6 . (55)
ocusing on the underlined terms in Eqs. (54) and (55) , G GP;2 N, 2 T 
A 
s computed as a spatially 2 N th-order and temporally 2 T th-order
olynomial: 
 
GP;2 N, 2 T 
A 
= ∂ ηI GP;N,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
− ∂ ξ I GP;N,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] , (56)
here T GP;2 N, 2 T 
1 
and T GP;2 N, 2 T 
2 
are computed using discrete point
alues of GP as 
 
GP;2 N, 2 T 
1 
= ∂ ξ I GP;N,T [ r] × I GP;N,T [ r] , 
 
GP;2 N, 2 T 
2 
= ∂ ηI GP;N,T [ r] × I GP;N,T [ r] . (57)
hen, the discrete point values of J BS ; N , T and ˆ ζ BS;N,T t are computed
t SP and FP using the unique polynomial G GP;2 N, 2 T 
A 
based on key
oncept (i). Therefore, the SP metrics, i.e., J SP and ˆ ζ SP t are computed
s spatially K th-order and temporally T th-order polynomials, as fol-
ows: 
 
SP;K,T = I SP;K,T [ J BS;N,T ] , ˆ ζ SP;K,T t = I SP;K,T [ ˆ  ζ BS;N,T t ] . (58)
sing this SSC formulation, the SP part of the VCL identity in Eq.
32) vanishes if the spatial order of the solution polynomial K is
qual to or greater than N (key concept (ii); see Appendix C of
ef. [1] for the proof). Note that the temporal order of the so-
ution polynomial T is not restricted because it is the same as
hat of the base polynomials, e.g., J BS ; N , T and ˆ ζ BS;N,T t . In this case,
he correction part of the VCL identity in Eq. (32) is also can-
elled out based on Eq. (58) . Therefore, the FSP2 condition for the
reestream preservation given in Section 3.2 is satisﬁed as long
as K ≥ N . 
However, the spatial order of the polynomials for J SP and ˆ ζ SP t 
annot exceed N , even if the spatial order of the solution polyno-
ial K is suﬃciently high, as deﬁned in Eq. (58) . This is because
SC always introduces truncation and aliasing errors while com-
uting G GP;2 N, 2 T 
A 
in the spatial direction: the low-order polynomial
pproximation from 2 N to N , e.g., ∂ ηI GP;N,T [ T GP;2 N, 2 T 1 ] in Eq. (56) .
his property would degrade the spatial accuracy of a numerical
olution, where the order of accuracy is limited to N even if K > N .
ote that such a failure in the order of numerical accuracy would
ot appear in the temporal direction (see Section 5.2.2 ) because
he temporal order of the base polynomials always corresponds to
hat of the solution polynomial. 
.2.2. CSC 
In the CSC formulation, we attempt to conform the orders of
olynomials for J BS and ˆ ζ BS t to those for the solution polynomial K
nd T . In order to do so, extra grid points, called consistent grid
oints (CGPs), are introduced. These CGPs are deﬁned as (K + 1) 3 
oints in space and (T + 1) points in time. Consistent grid points
o not need to correspond to SPs, but must contain cell vertices
or the global conservation property described in Section 3.1 . Fig. 3
hows the examples of SP, GP, and CGP. 
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Fig. 3. Examples of the grid, solution, and consistent grid points (GP, SP, and CGP) 
in each cell. The spatially 2D case is shown. The blue circles are grid points (GPs) 
with equally-spaced intervals of the order N ; green circles are solution points (SPs) 
at the Gauss points of the order K ; magenta triangles are consistent grid points 
(CGPs) with equally-spaced intervals of the order K . (a) shows the case of N = 1 
and K = 2 ; (b) shows the case of N = 2 and K = 4 . 
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Table 1 
Expected characteristics of freestream preservation using each metric evaluation ( ◦
indicates freestream preservation, and • indicates that the freestream preservation 
is not satisﬁed). K is the order of the solution polynomial, and N is the spatial order 
of the shape function. 
Order of SP K NC SSC CSC 
K < N • • ◦
N ≤ K • ◦ ◦
Fig. 4. Computational grid. The number of cells is 5 × 5 × 5 = 125 , and N = 2 is 
adopted for the order of the shape function. The total number of GPs, including 
high-order inner grid points, is 3, 375. 
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bFirst, the base polynomials for Jacobian J BS and the time metric
ˆ BS 
t are computed using Eqs. (50) and (53) : 
 
BS;K,T = 
[
∂ ζ I 
CGP;K,T [ G CGP;K+ N, 2 T 
A 
] + ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T B ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T C ] 
]/
6 , (59) 
ˆ BS;K,T 
t = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T A ] − ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T F ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T D ] 
]/
6 . (60) 
ocusing on the underlined terms in Eqs. (59) and (60) , G CGP;K+ N, 2 T 
A 
s computed as a spatially (K + N) th- and temporally 2 T th-order
olynomial: 
 
CGP;K+ N, 2 T 
A 
= ∂ ηI CGP;K,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
− ∂ ξ I CGP;K,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] , (61) 
here T GP;2 N, 2 T 
1 
and T GP;2 N, 2 T 
2 
are as deﬁned in Eq. (57) . Then, the
iscrete point values of J BS ; K , T and ˆ ζ BS;K,T t are computed at SP and
P. Therefore, the SP metrics, i.e., J SP and ˆ ζ SP t , are computed as
patially K th-order and temporally T th-order polynomials, as fol-
ows: 
 
SP;K,T = I SP;K,T [ J BS;K,T ] , ˆ ζ SP;K,T t = I SP;K,T [ ˆ  ζ BS;K,T t ] (62) 
sing this CSC formulation, the SP part of the VCL identity in Eq.
32) cancels out numerically regardless of the combination of K
nd N . This is because the CSC construction does not introduce
 low-order polynomial approximation during the computation of
q. (62) . In other words, the orders of the polynomials for J BS and
ˆ BS 
t always correspond to those of the solution polynomial K and T ,
s stated in concept (iii). This would also contribute to an improve-
ent in the spatial accuracy of a computational solution. Speciﬁ-
ally, if K ≥ 3 N , the polynomials for the SP metrics, i.e., J SP and
ˆ BS 
t , always recover spatially exact polynomials for the Jacobian
nd the time metrics deﬁned by GP. This is because the spatial
rder of the polynomial G CGP;K+ N, 2 T 
A 
deﬁned by Eq. (61) is always
qual to or less than 3 N , regardless of K , considering that the spa-
ial order of the polynomials T GP;2 N, 2 T 
1 
and T GP;2 N, 2 T 
2 
in Eq. (61)
s 2 N . 
Note that, in the temporal direction, the polynomial approxima-
ion is the same as that in SSC, where the low-order polynomial
pproximation is conducted from 2 T to T in ∂ ηI GP;N,T [ T GP;2 N, 2 T 1 ]
n Eq. (56) and from 2 T to T in Eqs. (54) and (55) , e.g.,
 ζ I 
GP;N,T [ G GP;2 N, 2 T 
A 
] . Although this error is inevitable as long as SP
nd GP are the same in the temporal direction, the error does notffect the order of numerical accuracy, as explained in the SSC for-
ulation. 
All of the algorithms for the construction of NC, SSC, and CSC
re summarized in Appendix A . Table 1 shows the expected char-
cteristics of the freestream preservation property using NC, SSC,
nd CSC on moving and deforming grids. 
. Computational test 
The freestream and vortex preservation tests are conducted us-
ng the NC, SSC, and CSC metrics. We consider a compressible in-
iscid ﬂuid in a cubic region. The ﬂuid is assumed to be an ideal
as of speciﬁc heat ratio γ = 1 . 4 (relative to air). The governing
quation is given by Eq. (10) , where all of the variables are nor-
alized by the reference length, the density, and the speed of
ound. Roe’s ﬂux difference splitting scheme [21] is adopted for
he ﬂux evaluation at the cell face, and the two-stage RK or Eu-
er explicit scheme is used for time integration. The base grid
s a uniform Cartesian grid for a cubic domain with boundaries
t −5 ≤ x 0 , y 0 , z 0 ≤ 5 , and the cell vertices in each direction are
istributed at equal intervals. The wavy grid is constructed by
eforming the base grid according to Eqs. (63) –(65) below (see
ig. 4 ). 
 i, j,k (τ ) = x 0 ;i, j,k + δx 0 
[ 
α sin 
nπ(k − 1) δy 0 
L 0 
sin 
nπ(l − 1) δz 0 
L 0 
] 
, 
(63) 
 i, j,k (τ ) = y 0 ;i, j,k + δy 0 
[ 
α sin 
nπ( j − 1) δx 0 
L 0 
sin 
nπ(l − 1) δz 0 
L 0 
] 
, 
(64) 
 i, j,k (τ ) = z 0 ;i, j,k + δz 0 
[ 
α sin 
nπ( j − 1) δx 0 
L 0 
sin 
nπ(k − 1) δy 0 
L 0 
] 
, 
(65) 
here α = A sin (2 πωτ ) , n = 4 , A = 0 . 4 , L 0 = 10 , ω = 0 . 3 , and δx 0 =
y 0 = δz 0 denotes the grid spacing. Each cell of the wavy grid is
epresented by the second-order shape function ( N = 2 ). The num-
er of cells is 5 × 5 × 5 = 125 . 
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Table 2 
L ∞ norm of a freestream error ( max {| v − v 0 | /u 0 , | w − w 0 | /u 0 } ). The Euler explicit scheme and 
the two-stage RK scheme, i.e., T = 1 and 2, are adopted for time integration. The number of 
cells is 5 × 5 × 5 = 125 , and N = 2 is adopted for the order of the shape function. 
Order of time integration: T Order of SP: K NC SSC CSC 
1 1 4 . 5 × 10 −2 2 . 2 × 10 −2 2 . 9 × 10 −16 
1 2 5 . 4 × 10 −2 8 . 0 × 10 −16 9 . 3 × 10 −16 
1 3 5 . 9 × 10 −2 1 . 9 × 10 −15 1 . 1 × 10 −14 
1 4 3 . 2 × 10 −2 2 . 8 × 10 −15 1 . 8 × 10 −14 
2 1 3 . 4 × 10 −2 2 . 2 × 10 −2 3 . 6 × 10 −16 
2 2 3 . 2 × 10 −2 8 . 0 × 10 −16 7 . 5 × 10 −16 
2 3 3 . 0 × 10 −2 1 . 4 × 10 −15 1 . 3 × 10 −14 
2 4 1 . 9 × 10 −4 3 . 2 × 10 −15 2 . 0 × 10 −14 
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p  5.1. Freestream preservation property 
The freestream in the x -direction is set to the initial condi-
tion: 
u 0 = 0 . 10 , v 0 = w 0 = 0 . 0 , p 0 /γ = ρ0 = 1 . 0 . (66)
Table 2 shows the L ∞ norm of the velocity (maximum error in v
and w ) at τ = 4 . 0 , i.e., 200 time steps with δτ = 2 . 0 × 10 −2 . Here,
the relationship between the metric that preserves the freestream
and the order of the solution polynomial exactly complies with the
data listed in Table 1 . 
5.2. Convecting vortex 
The initial ﬂow is set to a convecting two-dimensional vortex
[12] , which is deﬁned as follows: 
u = U ∞ −C (y − y c ) 
R 2 c 
exp 
−r 2 
2 
, p = p ∞ − ρC 
2 
2 R 2 c 
exp (−r 2 ) , (67)
v = C (x − x c ) 
R 2 c 
exp 
−r 2 
2 
, r 2 = [(x − x c ) 
2 + (y − y c ) 2 ] 
R 2 c 
, (68)
 = U ∞ . (69)
Here, R c = L 0 / 10 ,  = 0 . 02 , U ∞ = 0 . 5 , x c = y c = 0 , and ρ = 1 . 0 . The
ﬂow ﬁelds are assumed to be periodic, and periodic boundary con-
ditions are adopted in each direction along the boundaries of the
computational domain. Computations are performed until the con-
vecting vortex returns to its initial position (the grid deforms for
two periods during the computation). 
5.2.1. Global conservation property 
We validate the global conservation property introduced in
Section 3.1 . The global conservation error is deﬁned as the com-
putational error in the preservation of conservative quantity φ in-
tegrated over the computational domain: 
〈 φ〉  
∫ 
V R 
(φ − φ0 ) dV 
/ ∫ 
V R 
φ0 dV , (70)
where the subscript 0 denotes the initial values, and V R indicates
the entire computational region. [2,3] The integral in Eq. (70) is ap-
proximated by the Gaussian quadrature using SP values. The values
denoted as 〈 φ〉 must be 0 as long as the strong conservation form
is adopted in the governing equation. Table 3 summarizes the er-
ror of total energy 〈 e 〉 , which shows that the global conservation
property is ensured in all cases with round-off errors. This result
validates that the metrics at the cell face are the same among the
adjacent cells (GCP condition), and the governing equation is ap-
propriately discretized in terms of the strong conservation prop-
erty. .2.2. Resolution of the vortex 
Figs. 5 and 6 show the Mach number contours on the plane at
onstant z when the convecting vortex returns to its initial position
ith δt = 2 . 0 × 10 −2 . Figs. 5 and 6 show the results obtained with
he Euler explicit and two-stage RK schemes, respectively. Overall,
he vortex is better preserved when the freestream preservation
rror does not appear in Table 2 . 
First, we discuss the results with the NC metrics ((a), (d), (g),
nd (j) in Figs. 5 and 6 ). Comparing the vortex resolution with
he freestream preservation errors in Table 2 , the vortex clearly de-
rades when the freestream is not preserved in Figs. 6 (a), 6 (d), and
 (g). On the other hand, interestingly, the case of K = 2 N with the
wo-stage RK scheme ( Fig. 6 (j)) maintains the vortex although the
reestream is not preserved (see Table 2 ). 
Such an unexpected characteristic of the vortex preservation us-
ng the NC metric can be explained by the discretized error in the
CL identities. The cases with vortex degradation ((a), (d), and (g)
n Figs. 5 and 6 ) do not satisfy the SCL identities and the VCL iden-
ity because K < 2 N (see Section 6.1.2 in Ref. [1] for details). How-
ver, the case shown in Fig. 6 (j) satisﬁes the SCL identities because
 = 2 N, whereas the VCL identity is still violated. Therefore, when
sing NC metrics, the vortex preservation error in the present com-
utational condition (i.e., the convecting vortex on the periodi-
ally wavy deforming grid) would be primarily caused by the vi-
lation of the SCL identities, and the error of the VCL identity suf-
ers little because of the resolution of the convecting vortex when
he two-stage RK scheme is adopted. The computational results of
he freestream preservation error shown in Table 2 also support
he present discussion, where the L ∞ -error of the NC metrics in
able 2 using the two-stage RK scheme (i.e., T = 2 ) decreases by
 (10 2 ), whereas the order of the solution polynomial K increases
rom K = 3 to K = 4 . On the other hand, the accuracy of time in-
egration decreases from T = 2 to 1 by adopting the Euler scheme
o that the results shown in Fig. 5 (j) exhibit vortex degradation, al-
hough the spatial accuracy is suﬃcient for the SCL identities (i.e.,
 = 2 K). This is due to the discretized errors in the VCL identity,
here the larger error in the freestream preservation using Euler
cheme ( T = 1 ) in Table 2 supports this trend. 
Next, the results obtained using the SSC and CSC metrics are
iscussed. The trends of the vortex preservation using SSC and CSC
etrics correspond to those of the freestream preservation errors
hown in Table 2 . Here, we focus on the difference between the
SC and CSC cases of K = 4 ((k) and (l) in Figs. 5 and 6 ). The vortex
s preserved in these cases because both the SCL and VCL identities
re numerically satisﬁed, but the resolution is clearly better in the
l)CSC case than in the (k)SSC case. This is a result of the difference
n the spatial orders of the polynomials of the metrics. The (l)CSC
onstruction provides polynomials of spatial order 4 for the met-
ics, whereas the (k)SSC construction provides only second-order
olynomials, which would adversely affect the computational
Y. Abe et al. / Computers and Fluids 139 (2016) 2–16 11 
Table 3 
Global conservation error ( 〈 e 〉 ) evaluated in each metric. The Euler explicit and two-stage RK 
schemes, i.e., T = 1 and 2, are adopted for time integration. The number of cells is 5 × 5 × 5 = 
125 , and N = 2 is adopted for the order of the shape function. 
Order of time integration: T Order of SP: K NC SSC CSC 
1 1 1 . 4 × 10 −15 1 . 9 × 10 −16 1 . 2 × 10 −15 
1 2 2 . 9 × 10 −15 7 . 1 × 10 −16 2 . 4 × 10 −16 
1 3 9 . 5 × 10 −16 2 . 6 × 10 −15 2 . 6 × 10 −15 
1 4 3 . 8 × 10 −15 1 . 5 × 10 −15 2 . 4 × 10 −16 
2 1 3 . 6 × 10 −16 2 . 0 × 10 −15 1 . 5 × 10 −15 
2 2 4 . 8 × 10 −16 1 . 2 × 10 −15 1 . 4 × 10 −15 
2 3 6 . 5 × 10 −15 3 . 8 × 10 −15 2 . 2 × 10 −15 
2 4 3 . 0 × 10 −15 5 . 9 × 10 −15 2 . 7 × 10 −15 
Fig. 5. Contours of Mach number (16 lines from 0.495 to 0.505) on the vertical ( z -constant) plane. The Euler explicit scheme, i.e., T = 1 , is adopted for time integration. The 
number of cells is 5 × 5 × 5 = 125 , and N = 2 is adopted for the order of the shape function. 
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Fig. 6. Contours of Mach number (16 lines from 0.495 to 0.505) on the vertical ( z -constant) plane. The two-stage RK scheme, i.e., T = 2 , is adopted for time integration. The 
number of cells is 5 × 5 × 5 = 125 , and N = 2 is adopted for the order of the shape function. 
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daccuracy, as pointed out in Section 4.2.2 . Note that a similar trend
has been reported on stationary grids [1] . 
5.2.3. Convergence study in the time direction 
In this section, the convergence analysis of time integration is
presented. The initial ﬂow is set to the stationary vortex ( C = 0 . 002
and U ∞ = 0 are set in Eqs. (67) and (68) , and Eq. (69) is not used),
and the deforming grid with ω = 0 . 5 in Eqs. (63) –(65) is used.
The total computational time is set to τ = 2 . 0 , where four dif-
ferent time-step sizes, δτ = 2 . 0 × 10 −2 , 1 . 0 × 10 −2 , 5 . 0 × 10 −3 , and
2 . 5 × 10 −3 , are examined. The following L 2 -error of swirl velocity
v at τ = 2 . 0 is computed for each scheme: 
|| φ|| 2  
√ ∫ 
V R 
(φ − φref ) 2 d V 
/ 
V R , (71)here the integral is approximated by a Gaussian quadrature us-
ng SP values. In order to distinguish the time integration errors
ith the spatial discretization errors, the reference value φref is
btained from the computational results in each scheme and the
patial degree of polynomials with δτ = 1 . 25 × 10 −3 , which is suf-
ciently smaller than the time step size to be examined in this
ubsection. 
Fig. 7 shows the time convergence rate for the cases with T = 1
nd 2. The black dashed lines show the formal order of accuracy
n each case. The results show that the formal order of accuracy in
he time direction is obtained in all cases, regardless of the exis-
ence of the freestream preservation error. The L 2 -errors and con-
ergence rate are shown in detail in Table 4 for the cases with the
egree of K = 4 with the two-stage RK scheme. 
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Fig. 7. Time convergence rate in L 2 -error of swirl velocity ( || v || 2 ). The Euler explicit scheme ( T = 1 ) and the two-stage RK scheme ( T = 2 ) are adopted for time integration. 
The black broken lines show the slope of formal order of accuracy in each case. The number of cells is 5 × 5 × 5 = 125 , and N = 2 is adopted for the order of the shape 
function. 
Table 4 
Time convergence rate in L 2 -error of swirl velocity ( || v || 2 ). The two-stage RK 
scheme, i.e., T = 2 , is adopted for time integration, and the spatial order is set to 
K = 4 . The number of cells is 5 × 5 × 5 = 125 , and N = 2 is adopted for the order of 
the shape function. 
Time step size NC SSC CSC 
2 . 0 × 10 −2 8 . 176 × 10 −8 1 . 188 × 10 −10 2 . 977 × 10 −11 
(2.004) (2.016) (2.029) 
1 . 0 × 10 −2 2 . 038 × 10 −8 2 . 936 × 10 −11 7 . 292 × 10 −12 
(2.064) (2.071) (2.075) 
5 . 0 × 10 −3 4 . 875 × 10 −9 6 . 988 × 10 −12 1 . 731 × 10 −12 
(2.319) (2.322) (2.325) 
2 . 5 × 10 −3 9 . 770 × 10 −10 1 . 397 × 10 −12 3 . 453 × 10 −13 
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S  . Conclusion 
In this paper, we introduced a method to directly discretize the
overning equation in a strong conservation form on moving and
eforming curved elements in the FR framework, without any er-
ors in either the freestream preservation or global conservation
roperties. In order to achieve this, the symmetric conservative
etric technique was adopted for all of the metrics and the Ja-
obian. The following items were newly presented. 
1. The suﬃcient condition for the freestream preservation is that
the SP and the correction parts in Eq. (32) individually van-
ish (FSP1 and FSP2 conditions in Section 3.2 ). The suﬃcient
condition for global conservation is that the metric values are
uniquely determined at each cell boundary (GCP condition in
Section 3.1 ). 
2. The typical form (NC) of the time metrics and the Jacobian can-
not preserve the freestream, regardless of the order of the solu-
tion polynomial in the present framework. On the other hand,
an evaluation method of the consistent symmetric conservative
metric (CSC) is newly proposed for the time metrics and the Ja-
cobian that compatibly satisfy both the freestream preservation
and global conservation properties for arbitrary orders of thesolution. The CSC is constructed such that the order of the met-
ric polynomial exactly matches the order of the solution poly-
nomial. 
3. The freestream and convecting vortex were computed on a
three-dimensionally moving and deforming wavy grid, where
the freestream preservation and global conservation properties
were veriﬁed. When CSC is applied to the metric, freestream
preservation is attained in the arbitrary order of the solution,
and the convecting vortex is better preserved than when us-
ing the straightforward evaluation method (SSC). A time con-
vergence study was also conducted on the symmetric conser-
vative metrics for the ﬁrst time, where the formal order of ac-
curacy is achieved. 
Finally, the present construction of the time metrics and the Ja-
obian (NC, SSC, and CSC) is based on the same degree of polyno-
ials in the time direction for the solution and grid deformation
i.e., SP and GP correspond to each other in the time direction).
f we deﬁne the orders of the approximation polynomials in the
ime direction for the grid shape and solution independently (e.g.,
 G for the grid shape and T S for the solution), the NC metrics can
reserve the freestream with suﬃcient orders of solution polyno-
ials in both the time and space directions (e.g., 3 T G ≤ T S in the
ime direction). 
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ppendix A. Summary of algorithms for the NC, SSC, and CSC 
ormulations 
For implementing the SP and FP metrics, the algorithms for
he NC, SSC, and CSC formulations are summarized in this ap-
endix. Here, indices { i , j , k , l } indicate GP; { p , q , r , s } indicate
P; { fp , fq , fr , fs } indicate FP; and { ci , cj , ck , cl } indicate CGP for
14 Y. Abe et al. / Computers and Fluids 139 (2016) 2–16 
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 the CSC metrics. Note that in the temporal direction, we adopt the
same discrete locations for GP, SP, FP, and CGP so that τl = τs =
τ f s = τcl . On the other hand, the time derivative operations, e.g.,
∂ τ I GP ; N , T [ r ] i , j , k , l , are conducted using Eq. (9) , which is expressed
as a ﬁnite-difference operator. The other spatial interpolations are
based on the Lagrange interpolation, such as that given by Eqs.
(6) and (7) . 
Algorithm for the construction of the NC metrics 
1. Compute discrete point values of J SP;K,T p,q,r,s , ˆ ξ
SP;K,T 
t;p,q,r,s , ˆ η
SP;K,T 
t;p,q,r,s , and
ˆ ζ SP;K,T t;p,q,r,s at SP as 
J SP;K,T p,q,r,s = 
{
(∂ ξ I 
GP;N,T [ r] × ∂ ηI GP;N,T [ r]) · ∂ ζ I GP;N,T [ r] 
}
p,q,r,s 
, (72)
ˆ ξ SP;K,T t;p,q,r,s = 
{
−( ∂ ηI GP;N,T [ r] × ∂ ζ I GP;N,T [ r]) · ∂ τ I GP;N,T [ r] 
}
p,q,r,s 
, 
(73)
ˆ ηSP;K,T t;p,q,r,s = 
{
−(∂ ζ I GP;N,T [ r] × ∂ ξ I GP;N,T [ r]) · ∂ τ I GP;N,T [ r] 
}
p,q,r,s 
, 
(74)
ˆ ζ SP;K,T t;p,q,r,s = 
{
−(∂ ξ I GP;N,T [ r] × ∂ ηI GP;N,T [ r]) · ∂ τ I GP;N,T [ r] 
}
p,q,r,s 
. 
(75)
2. Compute discrete point values of J F P;K,T 
f p, f q, f r, f s 
, ˆ ξ F P;K,T 
t; f p, f q, f r, f s ,
ˆ ηF P;K,T 
t; f p, f q, f r, f s , and 
ˆ ζ F P;K,T 
t; f p, f q, f r, f s at FP as 
J F P;K,T 
f p, f q, f r, f s 
= 
{
(∂ ξ I 
GP;N,T [ r] × ∂ ηI GP;N,T [ r]) 
· ∂ ζ I GP;N,T [ r] 
}
f p, f q, f r, f s 
, (76)
ˆ ξ F P;K,T 
t; f p, f q, f r, f s = 
{
−(∂ ηI GP;N,T [ r] × ∂ ζ I GP;N,T [ r]) 
· ∂ τ I GP;N,T [ r] 
}
f p, f q, f r, f s 
, (77)
ˆ ηF P;K,T 
t; f p, f q, f r, f s = 
{
−(∂ ζ I GP;N,T [ r] × ∂ ξ I GP;N,T [ r]) 
· ∂ τ I GP;N,T [ r] 
}
f p, f q, f r, f s 
, (78)
ˆ ζ F P;K,T 
t; f p, f q, f r, f s = 
{
−(∂ ξ I GP;N,T [ r] × ∂ ηI GP;N,T [ r]) 
· ∂ τ I GP;N,T [ r] 
}
f p, f q, f r, f s 
. (79)
Algorithm for the construction of the SSC metrics 
1. Compute discrete point values of T GP;2 N, 2 T 
n ;i, j,k,l (n = 1 , 2 , 3 , 4) at GP
as 
T GP;2 N, 2 T 
1 ;i, j,k,l = 
(
∂ ξ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
i, j,k,l 
, (80)
T GP;2 N, 2 T 
2 ;i, j,k,l = 
(
∂ ηI 
GP;N,T [ r] × I GP;N,T [ r] 
)
i, j,k,l 
, (81)
T GP;2 N, 2 T 
3 ;i, j,k,l = 
(
∂ ζ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
i, j,k,l 
, (82)
T GP;2 N, 2 T 
4 ;i, j,k,l = 
(
∂ τ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
i, j,k,l 
. (83)
2. Compute discrete point values of G GP;2 N, 2 T 
α;i, j,k,l (α = A, B, . . . , F ) at
GP as 
G GP;2 N, 2 T 
A ;i, j,k,l = 
(
∂ ηI 
GP;N,T [ T GP;2 N, 2 T 
1 
] · I GP;N,T [ r] 
− ∂ ξ I GP;N,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] 
)
i, j,k,l 
, (84)
G GP;2 N, 2 T 
B ;i, j,k,l = 
(
∂ ζ I 
GP;N,T [ T GP;2 N, 2 T 
2 
] · I GP;N,T [ r] 
− ∂ ηI GP;N,T [ T GP;2 N, 2 T 3 ] · I GP;N,T [ r] 
)
i, j,k,l 
, (85)G GP;2 N, 2 T 
C;i, j,k,l = 
(
∂ ξ I 
GP;N,T [ T GP;2 N, 2 T 
3 
] · I GP;N,T [ r] 
− ∂ ζ I GP;N,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
)
i, j,k,l 
, (86)
G GP;2 N, 2 T 
D ;i, j,k,l = 
(
∂ ηI 
GP;N,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I GP;N,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] 
)
i, j,k,l 
, (87)
G GP;2 N, 2 T 
E;i, j,k,l = 
(
∂ ζ I 
GP;N,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I GP;N,T [ T GP;2 N, 2 T 3 ] · I GP;N,T [ r] 
)
i, j,k,l 
, (88)
G GP;2 N, 2 T 
F ;i, j,k,l = 
(
∂ ξ I 
GP;N,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I GP;N,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
)
i, j,k,l 
. (89)
3. Compute discrete point values of J SP;K,T p,q,r,s , ˆ ξ
SP;K,T 
t;p,q,r,s , ˆ η
SP;K,T 
t;p,q,r,s , and
ˆ ζ SP;K,T t;p,q,r,s at SP as 
J SP;K,T p,q,r,s = 
[
∂ ζ I 
GP;N,T [ G GP;2 N, 2 T 
A 
] + ∂ ηI GP;N,T [ G GP;2 N, 2 T B ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T C ] 
]/
6 
∣∣
p,q,r,s 
, (90)
ˆ ξ SP;K,T t;p,q,r,s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T B ] − ∂ ζ I GP;N,T [ G GP;2 N, 2 T D ] 
+ ∂ ηI GP;N,T [ G GP;2 N, 2 T E ] 
]/
6 
∣∣
p,q,r,s 
, (91)
ˆ ηSP;K,T t;p,q,r,s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T C ] − ∂ ξ I GP;N,T [ G GP;2 N, 2 T E ] 
+ ∂ ζ I GP;N,T [ G GP;2 N, 2 T F ] 
]/
6 
∣∣
p,q,r,s 
, (92)
ˆ ζ SP;K,T t;p,q,r,s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T A ] − ∂ ηI GP;N,T [ G GP;2 N, 2 T F ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T D ] 
]/
6 
∣∣
p,q,r,s 
. (93)
4. Compute discrete point values of J F P;K,T 
f p, f q, f r, f s 
, ˆ ξ F P;K,T 
t; f p, f q, f r, f s ,
ˆ ηF P;K,T 
t; f p, f q, f r, f s , and 
ˆ ζ F P;K,T 
t; f p, f q, f r, f s at FP as 
J F P;K,T 
f p, f q, f r, f s 
= 
[
∂ ζ I 
GP;N,T [ G GP;2 N, 2 T 
A 
] + ∂ ηI GP;N,T [ G GP;2 N, 2 T B ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T C ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (94)
ˆ ξ F P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T B ] − ∂ ζ I GP;N,T [ G GP;2 N, 2 T D ] 
+ ∂ ηI GP;N,T [ G GP;2 N, 2 T E ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (95)
ˆ ηF P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T C ] − ∂ ξ I GP;N,T [ G GP;2 N, 2 T E ] 
+ ∂ ζ I GP;N,T [ G GP;2 N, 2 T F ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (96)
ˆ ζ F P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I GP;N,T [ G GP;2 N, 2 T A ] − ∂ ηI GP;N,T [ G GP;2 N, 2 T F ] 
+ ∂ ξ I GP;N,T [ G GP;2 N, 2 T D ] 
]/
6 
∣∣
f p, f q, f r, f s 
. (97)
lgorithm for the construction of the CSC metrics 
1. Compute discrete point values of T GP;2 N, 2 T 
n ;ci,c j,ck,cl (n = 1 , 2 , 3 , 4) at
CGP as 
T GP;2 N, 2 T 
1 ;ci,c j,ck,cl = 
(
∂ ξ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (98)
T GP;2 N, 2 T 
2 ;ci,c j,ck,cl = 
(
∂ ηI 
GP;N,T [ r] × I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (99)
T GP;2 N, 2 T 
3 ;ci,c j,ck,cl = 
(
∂ ζ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (100)
T GP;2 N, 2 T 
4 ;ci,c j,ck,cl = 
(
∂ τ I 
GP;N,T [ r] × I GP;N,T [ r] 
)
ci,c j,ck,cl 
. (101)
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 2. Compute discrete point values of G CGP;K+ N, 2 T 
α;ci,c j,ck,cl (α = A, B, . . . , F ) at
CGP as 
G CGP;K+ N, 2 T 
A ;ci,c j,ck,cl = 
(
∂ ηI 
CGP;K,T [ T GP;2 N, 2 T 
1 
] · I GP;N,T [ r] 
− ∂ ξ I CGP;K,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (102) 
G CGP;K+ N, 2 T 
B ;ci,c j,ck,cl = 
(
∂ ζ I 
CGP;K,T [ T GP;2 N, 2 T 
2 
] · I GP;N,T [ r] 
− ∂ ηI CGP;K,T [ T GP;2 N, 2 T 3 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (103) 
G CGP;K+ N, 2 T 
C;ci,c j,ck,cl = 
(
∂ ξ I 
CGP;K,T [ T GP;2 N, 2 T 
3 
] · I GP;N,T [ r] 
− ∂ ζ I CGP;K,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (104) 
G CGP;K+ N, 2 T 
D ;ci,c j,ck,cl = 
(
∂ ηI 
CGP;K,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I CGP;K,T [ T GP;2 N, 2 T 2 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (105) 
G CGP;K+ N, 2 T 
E;ci,c j,ck,cl = 
(
∂ ζ I 
CGP;K,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I CGP;K,T [ T GP;2 N, 2 T 3 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
, (106) 
G CGP;K+ N, 2 T 
F ;ci,c j,ck,cl = 
(
∂ ξ I 
CGP;K,T [ T GP;2 N, 2 T 
4 
] · I GP;N,T [ r] 
− ∂ τ I CGP;K,T [ T GP;2 N, 2 T 1 ] · I GP;N,T [ r] 
)
ci,c j,ck,cl 
. (107) 
3. Compute discrete point values of J SP;K,T p,q,r,s , ˆ ξ
SP;K,T 
t;p,q,r,s , ˆ η
SP;K,T 
t;p,q,r,s , and
ˆ ζ SP;K,T t;p,q,r,s at SP as 
J SP;K,T p,q,r,s = 
[
∂ ζ I 
CGP;K,T [ G CGP;K+ N, 2 T 
A 
] + ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T B ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T C ] 
]/
6 
∣∣
p,q,r,s 
, (108) 
ˆ ξ SP;K,T t;p,q,r,s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T B ] − ∂ ζ I CGP;K,T [ G CGP;K+ N, 2 T D ] 
+ ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T E ] 
]/
6 
∣∣
p,q,r,s 
, (109) 
ˆ ηSP;K,T t;p,q,r,s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T C ] − ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T E ] 
+ ∂ ζ I CGP;K,T [ G CGP;K+ N, 2 T F ] 
]/
6 
∣∣
p,q,r,s 
, (110)
ˆ ζ SP;K,T t;p,q,r,s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T A ] − ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T F ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T D ] 
]/
6 
∣∣
p,q,r,s 
. (111) 
4. Compute discrete point values of 
J F P;K,T 
f p, f q, f r, f s 
, ˆ ξ F P;K,T 
t; f p, f q, f r, f s , ˆ η
F P;K,T 
t; f p, f q, f r, f s , and 
ˆ ζ F P;K,T 
t; f p, f q, f r, f s at FP as 
J F P;K,T 
f p, f q, f r, f s 
= 
[
∂ ζ I 
CGP;K,T [ G CGP;K+ N, 2 T 
A 
] + ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T B ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T C ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (112) 
ˆ ξ F P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T B ] − ∂ ζ I CGP;K,T [ G CGP;K+ N, 2 T D ] 
+ ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T E ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (113)
ˆ ηF P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T C ] − ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T E ] 
+ ∂ ζ I CGP;K,T [ G CGP;K+ N, 2 T F ] 
]/
6 
∣∣
f p, f q, f r, f s 
, (114)
ˆ ζ F P;K,T 
t; f p, f q, f r, f s = 
[
− ∂ τ I CGP;K,T [ G CGP;K+ N, 2 T A ] − ∂ ηI CGP;K,T [ G CGP;K+ N, 2 T F ] 
+ ∂ ξ I CGP;K,T [ G CGP;K+ N, 2 T D ] 
]/
6 
∣∣
f p, f q, f r, f s 
. (115)
ppendix B. Implementation of the time metrics for the 
unge–Kutta scheme 
In this section, the implementation of time metrics is described
n detail for the Euler explicit and two-stage RK schemes. The timeerivatives in G D and G E for the CSC and SSC formulations of ˆ ξt ,
.e., the second terms of Eqs. (87) , (88), (105) , and (106) are speci-
ed. For this purpose, we adopt the notation for the discretization
hat was introduced by Sjögreen et al. [22] . The time derivative
f a physical quantity ψ is approximated by the following ﬁnite-
ifference operation: 
 τ := ∂ψ 
∂τ
 ψ(τ2 ) − ψ(τ1 ) 
τ
, τ = τ2 − τ1 . (116) 
ased on Eqs. (47) and (51) , the symmetric conservative form of
he time metric ˆ ξt is expressed as 
ˆ 
t = [ −∂ τG B − { ∂ ηT 4 · r − ∂ τT 2 · r ︸ ︷︷ ︸ 
G D 
} ζ + { ∂ ζ T 4 · r − ∂ τT 3 · r ︸ ︷︷ ︸ 
G E 
} η] / 6 . 
(117) 
he time derivative is replaced by the ﬁnite-difference operation of
q. (116) as 
ˆ 
t = [ −{G B (τ2 ) − G B (τ1 ) } − { ∂ ηT 4 (τ3 ) · r(τ3 ) − (T 2 (τ2 ) − T 2 (τ1 )) · r(τ3 ) ︸ ︷︷ ︸ 
G D 
} ζ
+ { ∂ ζ T 4 (τ3 ) · r(τ3 ) − (T 3 (τ2 ) − T 3 (τ1 )) · r(τ3 ) ︸ ︷︷ ︸ 
G E 
} η] / 6τ, (118) 
where only the time steps of τ 1 , τ 2 , and τ 3 are explicitly de-
oted. The time step of τ 3 is additionally introduced for the terms
ithout time derivatives, which is determined independently of τ 1 
nd τ 2 . In this manner, the SSC and CSC formulations of ˆ ξt can be
etermined by τ 1 , τ 2 , and τ 3 as ˆ ξt (r(τ1 ) , r(τ2 ) , r(τ3 )) . The other
ime metrics can be similarly expressed. Based on these metrics,
he right-hand side of the governing equation Eq. (10) can be com-
uted as RHS ( r ( τ 1 ), r ( τ 2 ), r ( τ 3 ), Q ). 
For example, the Euler explicit scheme is expressed as 
(τn +1 ) Q(τn +1 ) = J(τn ) Q(τn ) 
− τRHS(r(τn ) , r(τn +1 ) , r(τn ) , Q(τn )) . (119) 
he two-stage RK scheme in the present paper is expressed as 
(τn +1 / 2 ) Q(τn +1 / 2 ) = J(τn ) Q(τn ) (120) 
− τ
2 
RHS(r(τn ) , r(τn +1 / 2 ) , r(τn ) , Q(τn )) , 
(τn +1 ) Q(τn +1 ) = J(τn ) Q(τn ) 
−τRHS(r(τn ) , r(τn +1 ) , r(τn +1 / 2 ) , Q(τn +1 / 2 )) . 
(121) 
he other formulation of the two-stage RK scheme has been de-
cribed in Eqs. (43) –(45) in Ref. [22] , with which we have con-
rmed that the formal order of accuracy can be accomplished
hrough the computational test in Section 5 , although the result
s not presented herein. 
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